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Klein quantum dot (KQD) refers to a QD with quasi-bound states and a finite trapping time, which
has been observed in experiments focused on graphene recently. In this paper, we develop a numerical
method to calculate local density of states (LDOS) of KQD and apply it to monolayer graphene.
By investigating the variation of LDOS in a circular quantum dot, we obtain the dependence of
the quasi-bound states on the quantum dot parameters (e.g. the electron energy, radius, confined
potential, etc). Based on these results, not only can we well explain the experimental phenomena,
but also demonstrate how quasi-bound states turn to real bound states when intervalley scattering
is taken into considered. We further study the evolution of the LDOS for KQD varying from a
circle shape to a semicircle shape, which reveals the mechanism of whispering gallery mode on the
quasi-bound states.
PACS numbers: 73.21.La, 72.80.Vp, 73.63.Kv, 73.50.Gr
I. INTRODUCTION
The study of zero dimensional (0D) bound states has
become an important topic as quantum dot. By decreas-
ing the sample’s size or applying a localized potential
field in a semiconductor system1–7, 0D bound states can
be achieved by confining the carriers in a nanoscale re-
gion. However, in the graphene systems, carriers cannot
be completely confined by potential because of the Klein
tunneling8–10. Therefore, the early experiments tend to
focus on the fabrication of small samples in graphene
sheet to obtain 0D bound states11–15. These experiments
could be highly expensive and technically challenging,
which may limit its practical application.
Recently, according to the new recognition of the
bound states in the graphene systems16,17, scientists find
that the quasi-bound states can be obtained by applying
a local potential, which is quite different from the previ-
ous understanding of bound states. The region where the
quasi-bound states localized is called KQD18–20. These
new quasi-bound states can be used to fabricate graphene
QD, which is technically much easier than decreasing
the size of graphene samples. On the boundary of
graphene KQD, the oblique incident massless electrons
will be reflected with high probability. Moreover, for
some special energies, the reflected electrons can even
construct interference with themselves after multiple re-
flections and therefore form the quasi-bound states. Dur-
ing the whole processes, the massless electrons behave
like acoustic waves. Such mechanism is similar to whis-
pering gallery mode, where the incident and reflected
wave, with fixed frequency, interfere with each other and
form standing wave inside the circular cavity21–23. In
the last two years, many experimental groups demon-
strated the existence of KQD in graphene systems,
such as the heterostructures of graphene/hexagonal
boron nitride20–22,24,25, graphene/metal Cu(111)19,26,27
and graphene/metal Mo28. These novel observations
have attracted lots of attentions.
The previous theoretical study of KQD is based on
solving Dirac equation, where LDOS is obtained to char-
acterize the quasi-bound state29–35. The properties of cir-
cular KQD can be obtained by adopting this method, and
the theoretical observation is basically consistent with
the experiments results19,20,27. However, the method
still has some limitations. Firstly, it only considers a
single-valley structure and ignores the effect of interval-
ley scattering. According to our previous study, the in-
tervalley scattering exists in the step-changed potential
interface36. Secondly, many detailed factors which ex-
perimentally do exist cannot be included in this method,
such as strain field37, impurity38 and etc. Especially, a
recent experiment found that the Fermi velocity (cor-
responds to hopping energy between nearest neighbor
atoms) decreases in the ring area closed to the KQD’s
boundary28, due to the strong interaction with the sub-
strate. When the hopping energy is small enough,
the KQD will no longer interact with the environment.
Therefore, the quasi-bound state will gradually trans-
form into a bound state. However, such process cannot
be described by the former method. Thirdly, the shape
of KQD is experimentally uncontrollable and a perfect
circular shaped QD is difficult to achieve in real experi-
ments. It has been observed that the shape of KQDs can
be triangle, trapezoid or rectangle etc27,39. As whisper-
ing gallery mode is sensitive to the detailed geometry40,
the shape of KQD may greatly affect the quasi-bound
state. Moreover, for the non-circular KQD, the Dirac
equation is hard to be solved. Therefore, it is useful
to find another effective numerical method to overcome
these difficulties and analyze the quasi-bound state of
KQD quantitatively.
In this paper, we develop a method based on lattice
Green’s Function to calculate the LDOS ρ of KQD in
the monolayer graphene. With the help of this method,
the LDOS ρ of KQD with arbitrary geometries and non-
ar
X
iv
:1
80
5.
03
48
0v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
9 M
ay
 20
18
2interaction potential can be accurately obtained with-
out complicate approximation and analytic calculations.
From the resonances in LDOS, we can find the quasi-
bound states and analyse the confinement effect by the
trapping time quantitatively. Three different structures
of circular KQD, formed by a step potential, a hyperbolic
potential and a combination of hyperbolic potential and
hopping, are studied. The dependence of quasi-bound
states on various KQDs parameters are analyzed. For
the first and second structures, we find the obtained re-
sults not only consist with several experiments19–22,27,
but also approximately agree with the previous theoreti-
cal results obtained by solving the Dirac equation, where
the intervalley scattering is ignored. However, for the
third structure, which has been observed in experiments
recently28, we find the quasi-bound states can turn to
real bound states due to the large enhancement of inter-
valley scattering. The KQDs with different shapes are
also studied. The high sensitivity of quasi-bound states
to the geometry of KQDs, provides us another way to
manipulate quantum states of KQDs.
The rest of the paper is organized as follows. Section
II describes the model and the method. Section III de-
scribes the specific behavior of LDOS in different KQDs.
Section IV gives the conclusion. Finally, some key details
of the numerical method are provided in the Appendix.
II. MODEL AND METHODS
We consider a KQD distinguished with the surrounding
continuous graphene sheet by a different potential, as
illustrated in Fig. 1(a). The tight-binding Hamiltonian
for the monolayer graphene is written as:
H = −t
∑
〈i,j〉
c+i cj +
∑
〈i,j〉∈B
t′c+i cj +
∑
i
Uc+i ci . (1)
The first term describes the uniform hopping between the
nearest neighbor sites i and j. t is the hopping energy.
The second term describes the extra potential modified
nearest hopping around the boundary of the KQD. t′
is the modified part of t. The last term describes the
potential variation due to the KQD. U is the electronic
potential.
We adopt the method of the lattice Green’s function
to calculate the LDOS. Generally, the lattice Green’s
function applies to the infinite one-dimensional system.
To extend it into two-dimensional system, the graphene
structure is considered to be periodic in the x direction
but be infinite in the y direction. By the method in Ap-
pendix A, we obtain the Green’s function gr(E) for a
square region [e.g. region L ×W in Fig. 1(a)] where a
KQD located without considering the potential caused
by the KQD.
The potential induced by the KQD contributes a self-
energy Σ, which only contains the nonzero values in a
small region. So, one can treat Σ as a perturbation and
the final lattice Green’s function Gr at energy E can be
calculated by:
Gr(E) = {[gr(E)]−1 − Σ}−1. (2)
Apart from the Eq. (2), one can also add the self-energy
piece by piece to avoid the inversion calculation of a large
matrix. The improvement can greatly save the memory
of computer. The details are presented in Appendix B.
After obtaining Gr, the LDOS ρ in site ri can be obtained
by:
ρ(E, ri) = − 1
pi
ImGr(E, ri, ri), (3)
where ImGr represents the imaginary part of Gr.
The LDOS ρ(E) always has some resonances inside the
QD. From the resonance features of LDOS, one can find
the quasi-bound states and analyse the confinement effect
through the trapping time quantitatively. The definition
of the trapping time is:
τ =
h¯
δ
, (4)
where h¯ is reduced Planck constant and δ is the full-
width at half-maximum (FWHM) of the resonance.
Based on this definition, the quasi-bound state corre-
sponds to a finite trapping time τ and the bound state
corresponds to a infinite τ . The longer the trapping time
τ , the better the confinement effect.
During the numerical calculations, the hopping energy
between nearest neighbor sites in a pristine graphene de-
noted by t is set as the energy unit. Comparing to the
previous analytic methods29–35, the intervalley scattering
is included in our numerical calculations. Moreover, our
method is applicable for any type of confined potential,
thus can be applied to KQD with arbitrary geometry.
III. NUMERICAL RESULTS
With the help of the lattice Green’s function method,
we obtain the LDOS of monolayer graphene. In the
absence of KQDs, the LDOS are presented in the Ap-
pendix C. The results are in agreement with previous
studies41,42, which shows strong confirmation of our nu-
merical calculations. In the following, based on such
method, we study the properties of KQDs in monolayer
graphene.
We first study a circular KQD confined by a step poten-
tial in monolayer graphene [see Fig. 1(a)]. The studied
region is labeled by L×W with L = 75 and W = 43. The
lattice constant is set as a = 0.142 nm, hence the size of
the region is about 18 nm× 18 nm, which is comparable
to the experiments. For better illustration, a rectangular
coordinate is set up to label the positions and the origin
is located at the center of the selected region. The KQD
is also embedded in the center. Here, the potential can
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FIG. 1: (a) Schematic diagram of the circular graphene KQD
with a radius R located in the selected region with length
L = 14 and width W = 8. The potential has a step change
on the boundary, as shown in the inset of (b). (b) The LDOS
ρ vs. energy E on different sites along the x direction, which
is labelled in (a). The curves are vertically offset for clarity.
(c)-(f) Spatial distributions of LDOS ρ in the energy slices
n = 1, n = 2, n = 4 and n = 6 as labelled in (b). The
color bar illustrates the magnitude of ρ. The real size of the
studied region is L = 75 (18 nm) and W = 43 (18 nm). Other
parameters are set as R = 6 nm, and potential U = VΘ(R−r)
with V = 0.1.
be expressed by U = VΘ(R − r) [see the schematic di-
agram inset of Fig. 1(b)], where Θ is the step function,
V is central potential and R is the radius of KQD. Using
the method in Sec. II, we obtain LDOS ρ in the selected
region. Due to the rotation symmetry of the KQD, the
LDOS ρ is isotropic, which is verified by the topographic
maps of ρ [see Fig. 1(c)-1(f)].
In Fig. 1(b), the ρ(E) relations on the equally spaced
points along red arrow in Fig. 1(a) are plotted. The bot-
tom curve refers to the point close to the center, and the
top curve describes the point close to the boundary of
(a) (b)
(c) (d)
FIG. 2: (a)(b) The LDOS on boundary ρ(R) vs energy E
under different KQD’s radius R (a) and potential energy V
(b). (c)(d) The energy spacing ∆E (dashed lines) and the
FWHM δ (solid lines) of resonances for different energy slices
n, which correspond to (a) and (b) respectively. The method
of measurement (∆E with slice n and δ with slice n + 1) is
given by the inset panel (d). The parameters are the same as
in Fig. 1.
the selected region. Here, the green and cyan curves de-
note the points inside and outside the KQD, respectively.
Comparing with the original LDOS plotted in Fig. 9(c),
we find that ρ is redistributed and many resonance peaks
emerges in the energy range E < 0. Every resonance has
a smooth peak, which represents a finite trapping time
τ . Therefore, all the resonances correspond to quasi-
bound states. We label these resonance positions with
n = 1, 2, 3, ... in the energy slice. Interestingly, the reso-
nance peaks on the sites near the boundary of the KQD
are the clearest compared to the others. Because of this
feature, we choose the edge point [r = (R, 0)] for further
investigation in Fig. 2.
In Fig. 1(c)-1(f), the LDOS maps at corresponding
energy for slices n = 1, 2, 4, 6 are plotted. For n = 1,
the quasi-bound state is localized in the center of KQD.
By increasing n, the quasi-bound state gradually moves
towards the boundary. For n = 6, although the confine-
ment of the quasi-bound state becomes weaker due to
the increase of energy, the major feature, that the states
moving to the boundary, still hold. In the area outside
the boundary, ρ also have some resonances, but their am-
plitudes are small and decay quickly. All above features
of ρ are observed in the majority of recent experiments
of graphene KQDs19–22,27 (e.g. Fig. 2a in ref. 19).
Next, we investigate the effects of central potential V
and radius R on the circular KQD. When radius R or
central potential V is small, the resonance is indistinct,
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FIG. 3: The LDOS ρ vs energy E at the distance (a) r =
0 nm, (b) r = 3 nm, (c) r = 6 nm and (d) r = 9 nm under
the smooth potential U = V
2(1−tanh r−R
S
)
with variation ranges
∆R = 0, 3
2
nm, 3 nm, which are realized by choosing S =
0, 4a, 8a, respectively. The inset panel of (b) illustrates the
potential profile. For a better comparison, the case without
KQD is also provided (yellow line). Other parameters are
V = 0.1 and R = 6 nm.
even on the boundary r = (R, 0). Only when the radius
R or central potential V is large enough, the quasi-bound
states can emerge [see Fig. 2(a) and Fig. 2(b)]. In order
to better characterize the behaviors of these quasi-bound
states, we plot their energy spacing ∆E(n) = En+1−En
and FWHM δ(n) in the measurable situations, as shown
in Fig. 2(c) and Fig. 2(d). Here, En is the energy of n-th
quasi-bound states. By increasing R, both energy spac-
ing ∆E and FWHM δ decrease significantly. In contrast,
when R is fixed, the increasing of V cannot adjust energy
spacing ∆E, although it will decrease FWHM δ. Since
the smaller FWHM δ refers to a longer trapping time τ ,
both the increased radius R and central potential V can
enhance the confinement effect. Moreover, we find energy
spacing ∆E fits the empirical formula, ∆E = 3at2R . It is
worth to note that the observation ∆E = α h¯υFR = α
3at
2R
with α = 1 is reported in recent experiments19,20.
In real experiments, the confined potential U is usually
not in the manner of step changing20–22,26. Thus, it is im-
portant to investigate the effects of the confined potential
type on the quasi-bound states. In Fig. 3, the potential
U in a hyperbolic form U = V
2(1−tanh r−RS )
is studied. The
smoothness of the potential is characterized by variation
range of potential ∆R [see inset of Fig. 2(b)], which can
be simulated by choosing an appropriate S. For exam-
ple, S = 0, 4a, 8a correspond to ∆R = 0, 32 , 3 nm with
error ratio less than 1%. Here, a smaller ∆R is equiva-
lent to a sharper potential (∆R = 0 correspond to step
potential as shown in Fig. 1). Comparing the LDOS ρ
rR
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FIG. 4: The LDOS ρ vs energy E at the same points of
Fig. 1(b) for the combination of smooth potential U =
V
2(1−tanh r−R
S
)
and hopping t′ = t1(1 − | tanh r−RS |) under
variation ranges (a) ∆R = 3
8
nm, (b) ∆R = 3
4
nm, (c)
∆R = 3
2
nm and (d) ∆R = 3 nm. The hopping strength
is t1 = 0.5, and other parameters are the same as Fig. 1.
on the points r = (0, 0), (3, 0), (6, 0), (9, 0) for different
∆R. We find quasi-bound states are nearly insensitive
to the variation of ∆R. For example, the most obvious
difference emerges at the edge point r = (6, 0). Compare
∆R = 0 nm (red line) and ∆R = 3 nm (black line) on
such point, the resonances of LDOS ρ remain at the same
energy and their amplitude differences are very small.
In most of the previous theoretical studies, the quasi-
bound states are obtained by solving continuous Dirac
equation under potential U , where only one valley is con-
sidered. The intervalley scattering, which is inevitable
in experiments, is neglected29–35. However, such differ-
ent treatment in theory and experiment actually lead
to the same results, which has puzzled physicists for a
long time19–21. In our study, the step potential of U in-
troduces the intervalley scattering while the smoothness
of the potential weakens such effect. The results in the
above paragraph indicate that the intervalley scattering
caused by the potential U is very weak, which verify the
validity of previous approximation in several cases.
The KQD structure may not only introduce on site po-
tential U , but can also alter the hopping energy between
the nearest site in reality26,28. In particular, in one of
recent experiments, the decreasing of Fermi velocity in
the ring area closed to the KQD boundary is observed28,
which means the hopping energy between the nearest
sites decrease from t to t− t′. It is worth to note that the
decreasing of hopping energy can cause strong intervalley
scattering, which is discovered in Dirac systems36. Nev-
ertheless, the effects of hopping term are not considered
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FIG. 5: The LDOS ρ vs energy E at the same points of Fig. 1
(b) for the combination of smooth potential and hopping with
(a) t1 = 0, (b) t1 = 0.1, (c) t1 = 0.2, (d) t1 = 0.3, (e) t1 = 0.4,
(f) t1 = 0.5, (g) t1 = 0.6, (h) t1 = 0.7 and (i) t1 = 0.8. Apart
from t1, other parameters are fixed as ∆R = 3 nm, V = 0.1
and R = 6 nm.
in previous graphene KQD studies29–35. Therefore, we
consider the situation that both hopping t′ and poten-
tial U take hyperbolic form, say, t′ = t1(1− | tanh r−RS |)
and U = V
2(1−tanh r−RS )
in the boundary region, respec-
tively, where t1 is the hopping strength. In Fig. 4, we
focus on the effect of variation range ∆R on behavior
of LDOS ρ under fixed t1 = 0.5 and V = 0.1. The ap-
proximate variation ranges are ∆R = 38 nm,
3
4 nm,
3
2 nm
and 3 nm, corresponding to S = a, 2a, 4a and 8a, respec-
tively. We compare these four plots with Fig. 1(b), which
corresponds to the zero variation range (∆R = 0). The
observed resonances are still more significant at the edge
point. By increasing ∆R, we find the resonances am-
plitude enhanced and their spacing decreased. In order
to show such behaviors more clearly, the energy spacing
∆E and FWHM δ are plotted in Fig. 6(a). For larger
∆R, both ∆E and δ become smaller. Since smaller δ
means longer trapping time τ , the confinement effect is
enhanced by increasing ∆R. Because it has been verified
in Fig. 3 that hyperbolic potential U cannot enhance
the confinement effect, the hyperbolic hopping t′, which
brings the intervalley scattering, is the dominant reason
for such enhancement36.
The hopping strength t1 defines the coupling strength
between KQD and the environment. For example, when
t1 = t, the KQD becomes an isolated QD. We investigate
the dependence of t1 on LDOS ρ for fixed ∆R = 3 nm.
In Fig. 5(a)-5(i), t1 is gradually increased from 0 to 0.8t.
The LDOS ρ behaves similarly as the increase of ∆R
FIG. 6: Energy level spacing ∆E (dashed line) and FWHM
δ (solid line) of the resonances on the boundary point for dif-
ferent variation range ∆R ((a) and (c)) and hopping strength
t1 ((b) and (d)). The data are collected from Fig. 4 and Fig.
5. n is the sequence of energy slices start from right side. (c)
and (d) are the selected data for n = 3. In (a) and (c), the
parameters are t1 = 0.5, V = 0.1 and R = 6 nm,. For (b) and
(d), the parameters are ∆R = 3 nm, V = 0.1 and R = 6 nm.
(Fig. 4). The LDOS ρ on the edge points are significantly
changed. When t1 increases, since the energy spacing ∆E
and FWHM δ become smaller [also see Fig. 6(b) and
(d)], the resonances of ρ is enhanced. Interestingly, in the
condition that the hopping strength t1 ≤ 0.6, one can see
the regular resonances in the energy regime [−0.24t, 0].
However, when t1 ≥ 0.7, the resonances become chaotic.
Moreover, as shown in Fig. 5(h) and Fig. 5(i), new res-
onances emerge in the positive energy. Since the LDOS
inside the confined region is smaller than that in the
environment, it is hard to forming quasi-bound state27.
Therefore, the resonances in these two subplots represent
real bound states. Figure 5 demonstrates the evolution
from quasi-bound states [Fig. 5(a)] to real bound states
[Fig. 5(g)].
Figure 6 shows the energy spacing ∆E and the FWHM
δ of the resonances from the edge point in Fig. 4 and
Fig. 5. For most of the resonant slices n, both energy
spacing ∆E and FWHM δ have a decrease for increas-
ing variation range ∆R and hopping strength t1
43. That
is to say, the increasing variation range ∆R and hopping
strength t1 can both enhance the confinement effect of
quasi-bound states in the KQD. Furthermore, the typi-
cal data of the slice n = 3 is selected to quantitatively
study the enhancement effect in detail [see Fig. 6(c) and
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FIG. 7: (a)-(d) Four typical configurations of KQDs during the evolution from a whole circle (a) to a half circle (d) gradually.
(g)-(j) the LDOS ρ vs energy E at the points along direction labelled in (a)-(d) correspondingly. These configurations are
marked by the angle θ of missing parts, i.e., θ = 0 [(a) and (g)], pi/3 [(b) and (h)], 2pi/3 [(c) and (i)], and pi [(d) and (j)].
The other parameters are R = 6 nm, t′ = 0, U = VΘ(R − r) and V = 0.1. (e), (f), (k) and (l) illustrate the typical closed
interference loops of reflected carriers inside the KQD for θ = 0 [(e) and (k)] and pi/3 [(f) and (l)], respectively.
(d)]. According to Eq. (4), the decreasing of δ from
0.01 to 0.0012 in Fig. 6(d) indicates that the trapping
time τ can be adjusted in a large scale. For energy spac-
ing ∆E, one can fit the data with the empirical formula
∆E = 3at
∗
2R∗ . Here, the parameters R
∗ and t∗ are effec-
tive radius and hopping energy, respectively. In contrast,
when variation range ∆R is fixed, we find the relation
that ∆E ∝ (t− t1). And when the hopping strength t1 is
fixed, we find the relationship ∆E ∝ 10.5R+0.4∆R . Based
on these two relations, we obtain the formula for energy
spacing as ∆E = 3a2 · (t−t1)0.5R+0.4∆R . This formula actually
tells us that the effective radius decreases in such situa-
tion (R ≥ R∗ = 0.5R + 0.4∆R). Moreover, the effective
hopping energy t∗ = (t−t1) equals to the hopping energy
between neighbor sites at the boundary, which indicates
the quasi-bound states are caused by the mechanisms
highly related to the boundary.
Indeed, the above numerical results show a direct evi-
dence that quasi-bound states in KQD originate from a
mechanism analogous to whispering gallery mode, where
massless electrons are reflected on the boundary and in-
terference with themselves [see Fig. 7(e) and (k)]. As
stated in the introduction part, the whispering gallery
mode is sensitive to the shape of the structure. In or-
der to further understand such mechanism, it is better
to explore the properties of KQD with different shapes.
However, due to the difficulty of solving Dirac equation
for complicate shapes, such studies are absent before.
Here, four shapes of KQD as illustrated in Fig. 7(a)-
7(d) are considered and their corresponding LDOS in
the transverse directions are plotted in Fig. 7(g)-7(j).
When KQD is a perfect circle [see Fig. 7(a)], we ob-
serve many resonances in LDOS. As the KQD evolves
from circle shape to semi-circle shape [see Fig. 7(b)-
7(d)], these resonances fade away gradually. Moreover,
these resonances at high energy fade faster than those
with lower energy. The phenomena can be explained by
the whispering gallery mode theory21–23,40. Specifically,
the quasi-bound states at high energy are dominated by
whispering gallery mode with high angular momentum.
Since the incident angle is large, the massless electrons
will experience multi-reflection processes before forming
a closed interference path [see Fig. 7(k)]. In contrast, the
quasi-bound states at low energy are dominated by the
whispering gallery mode with low angular momentum.
After a few reflection processes, the massless electrons
can form a closed interference path [see Fig. 7(e)]. When
the shape of KQD has a little deformation, e.g. θ = pi3 ,
the whispering gallery mode with low angular momen-
tum can still form closed interference path [see fig. 7(f)].
The low energy quasi-bound states still exist. On the
contrary, the whispering gallery mode with high angular
momentum cannot form a closed interference path [see
fig. 7(l)], hance the high energy quasi-bound states fade
away. For semi-circle shape, it is hard to form any closed
interference path. Thus, there is only one quasi-bound
state locating inside the center region. The above study
not only reveals the relationship between the whisper-
ing gallery modes and the quasi-bound states, but also
gives us a way to manipulate the quasi-bound states by
controlling the shapes of KQD.
IV. CONCLUSION
In this paper, we develop a lattice Green’s func-
tion numerical method, which can be used to calculate
the LDOS of KQD with arbitrary geometry and non-
interaction potential. We apply this method to mono-
layer graphene KQD systems, and obtain their LDOS
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FIG. 8: (a) Schematic of a selected region L×W inside an infi-
nite graphene plane. (b) For a centain kx, the one-dimension
chain is separated into three parts: upper and lower semi-
infinite leads and central region with length W.
in the presence of various KQD geometries and different
types of confined potentials etc. In specific, several cal-
culations are drawn from these numeric results. First,
we obtain the behaviors of quasi-bound states in KQD
that observed in recent experiments. Second, we show
that the reason why circular KQD results in several ex-
periments can be simulated by the previous continuous
Dirac equation studies is the weak intervalley scatter-
ing. Third, we find the intervalley scattering is greatly
enhanced by the confined potential, which reduces the
hopping energy. The quasi-bound states can transmit
into the bound states. Finally, through the studies of
whispering galley mode in different shapes of KQD, we
find the quasi-bound states can be manipulated by the
geometry of the KQD.
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VI. APPENDIX
A. Lattice Green’s function for the
two-dimensional system
Because KQD is in a small region compared with the
whole graphene plane, we only need to calculate the lat-
tice Green’s function of this region [see the rectangle with
size L × W in Fig. 8(a)]. The whole calculation pro-
cesses are summarized as follows. Firstly, by applying
the Fourier transformation in x direction to Hamiltonian
of pristine graphene, one gets a 1D lattice Hamiltonian
H(kx). H(kx) can be divided into three parts along y
direction: the upper and lower semi-infinite leads and
center part with width W, as illustrated in Fig. 8(b).
Thus, the Green’s function for a fixed kx in the center
part can be written as:
gr(E, kx) = [E+i0
+−HC(kx)−Ωupper(kx)−Ωlower(kx)]−1,
(A1)
where HC(kx) is the Hamiltonian in the center part.
Ωupper(kx) and Ωlower(kx) are the self-energy of upper
and lower semi-infinte leads, respectively44.
Then, the Green’s function from position x2 to x1 can
be calculated from the integral:
gr(E, x1, x2) =
∫
gr(E, kx)e
ikx(x1−x2)dkx, (A2)
Finally, after x1, x2 takes all the position inside x1,2 ∈
[1, L], the lattice Green’s function g for selected region is
obtained by
gr(E) =
gr11 . . . gr1L. . . . . . . . . . . . .
grL1 . . . g
r
LL
 . (A3)
There are two advantages of this method: (i) only one
integral process is needed in the whole calculation; (ii)
the accuracy is good enough. Nevertheless, this method
has a shortcoming: the value of 0+ cannot be very small,
since the interval dk needs to satisfy the condition dk <
0+/10 during the integration process.
B. Effective Green’s function algorithm with low
computer memory cost
In the experiment, the radius of KQD can reach 10nm-
20nm19,28. In order to simulate the experimental condi-
tions, the selected region size should be comparable to
the size of KQD. That is to say, the size of Hamiltonian
matrix should be as large as 60000× 60000, correspond-
ing to the 60000 atoms in the selected region. In this
case, the inversion calculation of Eq. (2) is a challenge
due to the limited memory of computer. Here, we put
forward an alternative method to calculate Green’s func-
tion Gr. According to the section II and Appendix A,
all lattice Green’s function Gr, gr and self-energy Σ can
be written in a block form {Ai,j} where i, j ∈ [1, 2, . . . L].
Obviously, the size of each block Aij is sufficiently small
(e.g. for W ≈ 40 nm, its size correspond to 380× 380).
The method originates from the fact that one can add self
energy Σ =
∑
ij Σij to Dyson equation G
r = gr +grΣGr
through block self-energy Σij piece by piece. The calcula-
tion processes are listed as follows. Firstly, for a nonzero
block self energy Σmn, one can get equation
Grnj = g
r
nj + g
r
nmΣmnG
r
nj , (B1)
from Dyson equation. Thus, Grnj = [I − grnmΣmn]−1grnj .
Secondly, the block Green’s function Grij is obtained by:
Grij = g
r
ij + g
r
imΣmnG
r
nj . (B2)
In Eq. (B1)-(B2), G and g are the Green’s function with
and without the self-energy Σmn. Thirdly, we replace
8(a) (b)
FIG. 9: (a) is the schematic diagram of monolayer graphene
plane. (b) is the LDOS ρ varied with energy E on the position
labeled in the panel (a).
gr by Gr and consider another nonzero Σmn. When all
nonzero Σmn are counted, the finally Green’s function
Gr, which is equivalent to that in Eq. (2), is obtained.
During the calculation processes, the memory cost is
quite low. Note that the number of nonzero element Σij
is usually small, so that such algorithm can increase com-
putation efficiency.
C. LDOS in monolayer graphene without KQD
In order to test the accuracy of the method, we try
to obtain the LDOS in monolayer graphene without the
KQD by applying this method. The sites in monolayer
graphene are equivalent and their LDOS behaviors are
the same as the red line in Fig. 9(c). Here, the LDOS re-
produces the same behaviors in ref. 41,42. Moreover, the
LDOS satisfy ρ(E) = ρ(−E), showing the particle-hole
symmetry of both systems. ρ increases linearly with the
energy |E|, which is consistent with the linear dispersion
near the Dirac point.
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